Let us define A = Circ r (a 0 , a 1 , . . . , a n-1 ) to be a n × n r-circulant matrix. The entries in the first row of A = Circ r (a 0 , a 1 , . . . , a n-1 ) are
Introduction
For n > , the Fibonacci sequence {F n } is defined by F n+ = F n + F n- , where F  =  and F  = . If we start by zero, then the sequence is given by n          · · · F n          · · ·
If we deduce from F n+ that L n+ = L n + L n- , and let L  = , L  = , then we obtain the Lucas sequence {L n },
Furthermore, the sequences {F n } and {L n } satisfy the following recursion:
Definition . A matrix A is an r-circulant matrix if it is of the form
a  a  · · · a n- a n- ra n- a  · · · a n- a n- · · · · · · · · · · · · · · ·
Obviously, the elements of this r-circulant matrix are determined by its first row elements a  , a  , . . . , a n- and the parameter r, thus we denote A = Circ r (a  , a  , . . . , a n- ). Especially when r = , we obtain A = Circ(a  , a  , . . . , a n- ).
Definition . A matrix A is called a symmetric r-circulant matrix if it is of the form
a  · · · a n- a n- a  a  · · · a n- ra
Obviously, the elements of this r-circulant matrix are determined by its first row elements a  , a  , . . . , a n- and the parameter r; thus we denote A = SCirc r (a  , a  , . . . , a n- ). Especially when r = , we obtain A = SCirc(a  , a  , . . . , a n- ).
For any A = (a ij ) m×n , the well-known spectral norm of the matrix A is 
and
Here, we define B = (b ij ) m×n , C = (c ij ) m×n , and we let B • C be the Hadamard product of B and C. In recent years, many authors (see [-]) were concerned with r-circulant matrices associated with a number sequence. References [-] calculate and estimate the Frobenius norm and the spectral norm of a circulant matrix where the elements of the r-circulant matrix are Fibonacci numbers and Lucas numbers; the authors found more accurate results of the upper bound estimated, and the numerical examples also have provided further proof.
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Main results

Theorem . Let
is a circulant matrix, let the matrices B and C be
From (), we have
thus from () and Theorem . we obtain
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Proof Since A = Circ r (F  , F  , . . . , F n- ) is a r-circulant matrix, let B and C, respectively, be
from (), we have
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where r ∈ C, ·  is the spectral norm and F n denotes the nth Fibonacci number. 
Corollary .
, we get A = B • C; thus from (), Theorems ., and ., we obtain
is a r-circulant matrix, let B and C, respectively, be 
and we get
From (), we further infer
. . , L n- ) be a symmetric r-circulant matrix and |r| ≥ , then we obtain
be a r-circulant matrix and |r| ≥ , then
. . , L n- ), we get A = B • C; thus from (), Theorems ., and ., we obtain
n even.
Examples
Example  Let A = Circ(F  , F  , . . . , F n- ) be a circulant matrix, in which F i (i = , , . . . , n-) denotes the Fibonacci number. From Table  , it is easy to find that the upper bounds for the spectral norm, of Theorem . are more accurate than Theorem . when n ≥ .
. . , L n- ) be a circulant matrix, where L i (i = , , . . . , n -) denotes the Lucas sequence.
Let n ≥ , and it is easy to find that the upper bounds for the spectral norm of Theorem . are more accurate than Theorem . (see Table ) . Let n ≥ , and it is easy to find that the upper bounds for the spectral norm of Theorem . are more precise than Theorem . (see Table  ). Table 1 n n -1 (5F n F n-1 + 1) n odd, n -1 (5F n F n-1 -3) n even 
